MATHEMATICS
MATHE PARTS T and TI are comprehensive packages for pupils undertaking
maths coursas in the 13-<17 year age renge.
The packaege comsists of
i+ Busio problems in maths with &n wlmost infinite variation
in the datd provided.
2. Hinte on ravision.
5. A met of notes,
MATHS PART 1
SIDE A Frogram names

"ALG 1%
"ALG 2"
"ALG ™
®REVISION™
SIDIE B

"PLANE"
nEOLIL"
llumll

"ALG 1” "ALG 2" MALG 3™

Thres arsas ars covered - functions, algebra and esquations.

You wre expected to have revisied thase arsas thoroughly before attempting
the problems. 4s a gulde you should have covered all aspscte of functions,
mapping, reverssd functioms, solutioms of squations, relationships, linear
grepha, simultansous esquestions, elgebraic expressions, guadratic factors,
fuctorisation, quadratic graphs, completing the sguuare, algebraic

man ipulation and subjecte of formulas.

Esch of the three yrogrums contsins five dif:erent busic problem
types giving s total of L5 problems wll similar to those frog pust
giamifetion pdpers. Within esech rendom numbers are generated to give =
wide variety. Esach jrogram will go through esch problem tyuoe twice to
give ten quastions. If your Tirst dpawer is incorrect them you will ba
told the answar - there is no second chance in the exums - so check your

aurkinslcurafully. If you are wrong find out why. At the end you will be



given & scors out of ten. You should not feel happy about the
thoroughness of your revisicon or your accurscy until you can
consistently score ten on sll three programas,

"REVISIOR"

This program coptains sdvice gained from many years of teaching
experisnce. There are comments for those who start early on & program
of revision snd for those panicking &t the luat minuta.

SPLAFE" _ "SOLID"  “GEN"

Thres programs are provided to give you experience in dealing

with basigc problems involving perimeters, areas, surfsce arsas und
volumas,

"PLLFE" gives questions on the perimeters and areas of plane
shapes. Similurly "SOLIDI" gives guestions on the surface areus and
voluses of all the common spolids that you will ‘meet. The third
program "GEN" provides ten more generul problems on the sbova topics.
Within sach program random numbers «re agein gemarsted to give a wide
variety. Esach prnarlﬁ will give you ten randomly selected problems.

You need give the answser to one decimsl pluce snd it will be ccnsidersd
correct Af within 0.1 of the actusl spnawar. If your first answaer is
incorrect then you will be told the enswer so plesse check your working
oarefully. If you are wrong sgain find out why. At the end you will be
given a score out of tem. You should pot feal happy until you can
comsistently obtain tem out of ten with this series of three progrums.
HEVIS ¥}

You will gain fur more benefit by producing your cwn ravision
notes tailormade to your requirements, however much of this time is often
Spent sitrecting sections straight from books. 4 minimum of time being
actually spent in learning and understanding the work.

To help you make your sork more time effective we have produced

& set of revision notes. In the taxt we have poted the partinent poipts;

w8 30 expsct you to wdd to this ooukist and thus build up & set of

notas to auls your nazda.

All righte of the groduger and ol the owner of the Iutk{l] being
¢#roduced, are reserved. Unauthorized gopying, +ending, hiring,
brosdgssting and puolic performunces of this cuwasatte are
pronibited. The publisher sssumes no responsioility for arrors

ner Liablility for demage arising from its use.

LOADING IFSTRUCTIONS

SPECTRUM 48K Loan »
LRAGOR 32 CLOAT
BEC CHALIY n w

Detalls of other programs in this series and of other educsetional
progTams Ccan be obteined [rom your softweare suppliler or from:

SCISOPFT 5 Minster Gurdens, Newthorpe, Eastwood, NOTTS, NGl6 24T



FUNCTICNS

In this diagram of two sets X and ¥
a relationship is shown by the arrows

1—3 gt &
32— 9 4 —a12

The number 1 in X maps onto the number 2 in ¥
':'mnumhar}in?htha_iﬁioflmx

More generally:-
Ifxg X them x—dx x 3 or X —ex
x—43x is a rule by which the imege of X can be found

A rule can prurducn.

(1) .n image in ¥ for every element of X

(11) an image in Y for scms values of X

(111} more than one image in ¥ for some values of X

(iv) no image in ¥ for some waluss of X

A mile which produces one and only ocne image in a set ¥ for each element
of & set X is called a Nunetion.
e ——

Example: X ¥
2 &
k. » 5
5 > 7
] 1o
X o HAZ x —3 multiple of X
(functicon) (net a funetion)

A functien is normally referred to by a letter, the most common being
f (and alsa g, h).

Thus
fix—+4x means f 18 the rule x—%&x

Using this rule, the image of 3 is 12 so f:3 —$12

bnother way of writing this is £{3} = 12

or more generally f{x) = &4x

As another example if gix then g(l) =1
EM} 5

The normal rules of arithmetic are followed in caleulating images,

Thus
g: x—»(x+2) T i3 the same as
g x— (Taf)

Similarly
gr x —#(9x=H1) 4<s the same as
g1 x —43(x=3)

A reversed funection can be written as
2!4-'5 =i X

In this we have to find what value of x needs to be imput to produce &
speciflied output. Thus if we require an image of 139, we can write

2x+h = 15
This 1s an squation,
The value ¢f X that fits the equation is called the selution.
—_— =

Pinding the correct value for x is sclving the equaticon,




Thu= solving the eguaticn 2x+5 = 19 gives a solution of x = T. fo,b) ts the point at which the line euts the y-axis {crd.ingtt}.
a 15 the slope or gradient of the line.

Solving the following equations gives the solutions stated; - [-E,o] i3 the point at which the line suts the x=axis (absclssae),

Thus two lines with the aame b will intersect at (2,b)

and two lines with the same a will be parallel.

Equations Solutions
£)
( L3623 e Plot y = 2x48 y = 3x-6
¥ o= Bual ¥ o= 26
(1) 242 % -6
2 ¥ & ¥
i r
B
(111) + ’, 2 ’
= 3 ¥ o= =] - - 1 2 /3
P # . Y L
” 2 ) 7 F
& . - rs . -
ax) g & - -2 ‘.
= o=f = 0 e = 15 - r % ” P
'2, -l £
o Fd -
& 'f = 1 "‘
A funotion such as fi1x —px+3 pan also he represented as a set of 1 - -lf' ¥ Q 1 2 -64(
aordered pairs, o o b= ffai
F -
i [ ’
B L [[4"”' (2,5), {-l.E:I...} are some of the ordered pairs
belonging to L. -
If (x,y) & Lthen y = x43
L 1= kmown as the soluticn set of the squation ¥ = x+3, ’
¥ |'!J Many processes can be deseribed in terms of an eguation. For example,
The ordered pairs can be represented graphically, ,-’ the length of time that 1t takes to disouss an item in a meeting !s
,’ e egtimated as three times the numcer of pecple present, plus ten. Thls
The graph of y = x+3 ocuts L can be written as
the x-axis at (-3,0) .’ 1 % nei
s
and the y-axis st (0,3) ; ’ This shows the pelationship between n and t.
-7 =L - L e
Mo } & ...2 =] D s 2
re generally a straight line is An aquation can be used to desorice the balance tetween two expressions.
represesnted by the squation Y Por sxample

o
-5



shows us that if ¢ 1s the weight of a tin then intersection of the two lines, the values of x and y are the same for
aach equation. This occurs when
45 = Ht42 x5 =Sk
i.e. XxX=5
The balance of the equation is preserved if the same arithmetical
operation is carried out to beth sides, Thus Whern X = 5, ¥ o= 10 (checked in both simultaneous
eguations by substituting back)

5 = 2t4+2 (subtrast 3t)
- (sustract 2) Simultanecus equations can be solved in a different way. If we have

_gl' t {divide by 2) S5a + % = 735

B2 + 3 = 31

8+ 0 =4

All equations oan be solved using the balancing ideas,

Remember to simplify expressions before solving, Hence 8 = 4 by subtraction,

6(xah) + 2(3-x) = 5(2-%) = 58 By Subatiipdiog back b= 5,

becomes Bx+2440=-20=10415x = 58
collesting terms Often one equation has to be multiplied by a sultable number. Thus
19%420 = 58 suppose we have the simultanecus equaticns GSx+2y = 21 and x+y = 10.
1% = 28 The second equation 15 egquivalent to 2x+2y = 20
I L and wa nave

Ox + 2y = 41
STMILTANEOUS EQUATIONS R = 20
Tx+0 =21

Two equations which are true statements at the same time are called a

palr of simultanecus eguations, =3 wd yw?

FPurther, it mey be necessary to alter both equations in order to eliminate
one of the letters

An ordered palr can make two equatione true at the same time. Thus the
ordered palr (6,2) makes the equations T = 3D and D = T=4 true at the
same time. It is the point where the graphs of the two equatisns intersect

l.e. where T =6 and D=2, s 5%+ 3y =19 .....Bq(1)

62 + 5F = 27 .....Egq{2)

Parallel lines have no point of intersection.

can be written 25x + 15§ = 95 Eq(l) = 5
18x + 15y = 81 Eg(2) x 2

¥ o= x45
Tx + 0 =14 Substract

7= 2x
x = 3, ¥y =3

These two eguations represent similtaneocus esguationa, At the point of
8 9




FPACTORS IN ALGEBRA

Algebraic expressions follow the normal arithmetical rules

Tion (a+b)e = ac + he
a(x#¥) + B(x=y) = ax + ay +bx - by

= ax + bx + af - by

(a+b)x + (a-biy

(asb)®

Proof: Totel area = {a+b) x {a+b)

Total ares = .u-u@-i- ma@
+u-u.@+ area
=AXa+exb+brb+axh
= 3.21- 2ab +-h|E
-
(8=b)" = & = 2ab + b2 b
area @ = [a-bjz
a=t

mn@-mtﬂuua-m.@-ma@
=axa=Dbla-b) ~axp
2
- A "l.h+=z-;h

2

3

b_g = la#b)(amb)

|

N

=

- b -tﬂtnl u"*lﬂﬂ@

'”“@*m&@+uu®

= bla=h] 4 {a-b)fa=b) + b{a-3)

-]

= (8=b}(b + a=b + b)

= (a=b){a+k)
10

I w
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I
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(removirg brackets)

(eellecting 1ike terms)

(simpl

Lfving

)

| @

@

@

’ a=———khP

ﬁ

————F —
a=b
b (a=b)

This expression can be used toc find the difference between two Squares.

For example

(1.6)% = (1.4} = 3.0 % 0.2
=- 0.6

QUADRATIC FACTCRS

An expresalon which contains a squared term is called a guadratic expression

2
B.Es X + T + 10

Thia oan oe written as
(2450 {x42) (eheck this)

and the expression is then sald to be factorized

(x+5) is one fastor, (x+2) is the other
The solution set for a gquadratic equation are the values of x which
satisfy the equation, Thus

::E + X +# 10=0

has a solution set =5 and =2

Prantise simplifying quadratic expressions
2
2.8, (Fx=5)({Ta+d) = 21x" = 23x = 20

and also fastorizing quadratic expressiecns

B.E. }..::E+ T + U

(3 + 4)(x+l)

QUATRATIC GAAPHS

quadratic graphs are represented by gquadratie expressions

e.g. f(x) -xE-5:+4

Factorising glves

fx) = (x-&)(x-1)
This will help in sketching the curve, By finding where f{x)=0, 1.e.
where the curve crosses the x-axis, it becomes sasy to fix the general

position of the U=shaped curve,
11
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2l

=1 &

-2 1

The curve for a guadratic expression with a positive x? tarm is U-shaped
]

The curve for a quadratic expression with a negative x~ tesm 13 N=ghaped.

Sometimes a quadratic expression can be ~ritten in the form

flx) = f'l-l.:le + b

The assopiated curve can be obtained by translating f(x) = x° 'a' units

to the rignt and 'b' units upwards.
This method can also be used to find the sslution to a quadratic equatien

8.8. x2-6;+5-0
X0 = fx = =5
(x=3)% =9 & =5
(x=3) = 4

x=3 = 42 or =2

X =5ar 1

This is mown as completing the sguare,

A quadratic equation may have two, cne or no elements in its zolution seg
depending on whether the associated quadratic curve ocuts, touches or dees

not eut the x-axis

1z

\em o
N

For the general guadratic squation
2
ax + bx + 2 = 0

the solutlon set 15 glven by

x--b+lb-1l-u.s ar -b-Jb--‘:laq

Za 28

ALGEBRAIC MANIFULATION

Manipulating symbols 13 an improtant aspect of mathematics.

In order to add algebrale fractlions It 1s necessary to find the
equivelent frastlons which have a common denominator. These can then be

added together.

By o wen
&2, 1. 5 ¥ ¥ Xy + - o
3 2(x-2) J(==1)
e.g. 2. x-1 ¥ x-2 = (x-1)(x-2) ¥ (x-1)(x-2)

- 2(x=2) + B3{x-1)
(x=1)({x=2)

...
(x=1){x=2)

When an squation has one letter expressed in terms of other letters, the
first letter ls called the subject of the formula

2,g. V= Hreh ¥ is the subleat

If the equation 15 rewritten then ancther letter can bscome the subleot

.. h -—1%- h 1a the subject

e

Manipulations can be complex and need care. They are sometimes necessary

ir solving equations. 13



PERIMETERS AND AREAS OF PLANE SHAPES

For example find the solution set of

4 The perimeter of a plane shape is the length of its boundary. Tor
example, 1f the shape is & polygon (a closed plane shape with a
finite number of straight edges), its perimeter is the sum of the
lengths of its sides, The area of a plane shape is measured in
Answer:  5(x=3) + 4(x=-2) = 2(x=3)(x=-3} R e,

g 1 e
(x-2) * (x-3) = *

2
Fx =B =" 422 - 20x When calculating areas, it is very important to make sure that all
a the linear dimensions are measured in the same units.
2 =15x + ¥ =0
If the linear units are in em, the area is given in sg.em (or cr’|

Similarly if in mm, the area is given in sq.mm for nmzl.

(2x=3)}(x=7) = 0
5
x -?; or T ¥You will be required te know tha following basic plane shapes Lut

problems may combine two or more of these shapes.

Remember, always check your work carefully, ta) SOUARE -

L]
For a square of side a: i

. perimeter = 4a al

2 a

area = a
e.d. For a syuare of eside 3 am,

the perimeter = 12 cm and the area = 9 :mz

{b) RECTANGLE

mf k=]

For a rectangle of length a :
and breadth b: b

perimeter = 2h+2a = 2(b+a) H A

area = ha

.9, For a rectangle of length 4 n and breadth 2 r,
the perimeter = 12 m and the area = & m"

14 i3



tc)

(d)

{e)

B
TRIANGLE

For a triangle with sides a,b,c and

|
|
Ih
|
perpendicular height (as shown) h: e L

perimeter = a+b+ec b
area = kbxh (4 base x perpendicular height)

e.g. For a triangle with base 4 om and perpendicular
height 2 em, the area = 4 sg.cm.
If the perpendicular height is not known, but
two sides (a,b) and the included angle ([C) are,
then the area of the triangle = Yab sin

If the lengths of all three eides are knewn then the area
of the triangle = JS{E—&]{S-h][S-c} where 5 = k(a+b+e) .

@.9. For a triangle with sides measuring 6 cm, 5 om and
3 em the perimeter = 14 ¢m and the area
= J7(7-6)(71-5)(7-3) = [S6 = 7.5 sq.em

PARALLELOGRAM

L 4

A parallelogram is a guadrilateral
with opposite sides parallel.

ih
]
If the sides are of lengths a and b b =
and the perpendicular height is h then:
perimeter = 2 (a+b)
area = ah {i.e, base x perpendicular height)

e.g. For example 1f the base is 10 om and the
perpendicular height is 5 em then the area
= 50 Bg.cm

RHOMBUS

A rhombus is just a special case
of a parallelogram in which a = b
1.e. all sides are egual.

16 B

FEY

(g}

TRAPLZ Uit
d trapeziom is a guadrilateral

with one pair of parallel sides.

If the lengths of tho sides are
a,b,c anc d and h is the

pearpendicular distance between

the parallel sides then:

perimetor = a+b+cd
area = Sfa+hih

c.q. For example if the parallel sides of a trapezium

have lengths 5 cr and 7 em and the perpendicular

Cistance Detween them is 2 cm then the area = 12 sg.cm

CIRCLE s

For a circle with radius r

Y

e.9, For a cilrcle of radius 7 em, the perimeter is 44 am

{diameter d = 2r) then:

perimeter = 2rr = wd
area = Hrz

The value of T will normally be given

as ElfT or 3742

and the area is 154 sg.em.

1T



VOLUME AND SURFACE AREA OF SOLID SHAPES (e)

The volume of a solid shape is measured in cubie units.

The surface area of a sclid shape is the total area of its
surface and is measured in sguare units,

As with plane shapes, it is very important when calculating
volumes and surface areas to make sure that all the dimensicons

PRISM

A prism is a solid with a uniform
cross section.

The prism shown has an end section P 1
of area A and perimeter I'.
The length 1s 1.

valume = Al

used are measured in the same units. surface area = 2h + pl

For example if the linear units are in cm, the surface area is in

8g.om (or cmzj and the volume is in cu.cm (or cm?:.

¥ou will be required to know the following basic solid shapes
but problems may combine two or more of these shapes.

e.9. For a prism whose end face has perimeter 4 cm and

area 2 cmz and whose length is5 3 om, then the surface

area = 16 cm2

{d) TRIANGULAR-FACED PRISM
(a) CUBE
a & " This is just a special case of a
All edges of a cube are the a prism.
game length. Let this be a. 1
3
volume = a y If the sides of thé end face are of
surface area = fa length 3, 4 and 5 oam and ite area &
.
is 6 v:rn2 and the length of the prism
e.g. For a sguare of siga 3 cm, 1e 8 om then the volume = 6x8 = 48 cm>
the volume = 27 cm” and the surface area = 54 cm° and the surface area = 2x6 + 12x8 = log ¢n2
(b) CUBOID {e) RIGHT CIRCULAR CYLINDER
A cuboid is a rectangular block. This is again a special case of a prism.
Let the lengths of the sides be
€
a,b and c. If r is the radius of the
Then end section l(or base) and
volume = abe b b is the height of the
surface area = 2({ab+bc+ac) a eylindar then
volume = ﬂrzh
e.g. For a cuboid with sides 2,31 and 4 cm, surface area = zr'rr2 + 2Trrh = 27r(r+h]

volume = 24 cm3
surface area = 52 cmz

18
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e.g. For a ecircular cylinder of height 10 cm and radius 7 em

22 i

volume = T o 77 x 10 = 1540 cm3

surface area = 2 x ;3 *® Tz 22

= 748 cm®

(£} SPHERE

For a sphere of radius, r

volume = ;-rfr:'1

surface area = 4Trr2

e.g. If a sphere has radius 6 cm,

the volume = $76® = 904.9 em’

surface area = § W62 = 452.4 cm®

(results given to ldp using 1= 3.142)

(g) PYRAMID

For a pyramid, let the area
of the base be A and the
perpencicular height be h then

volume = %ﬁh &

surface area = A + [area of triangular faces)

Twe special cases of the pyramid which you should be aware
of are the sguare-based pyramid and the triangular-based

pyramid (usually termed a tetrahedron).

20

+ 21 x F=x 7 x 10 = 308 + 440

(h) RIGHT-CIRCULAR CONL

A right-gircular cone is a cone with
a circular base whose apex is
directly above the centre of the

circla.

If r is the radiue of the circular base
h is the perpuendicular height
1 is the slant height, o

. 1 2
Taen the volume of the cone = irrr h

Fl
and the surface area of the cone = wwr” + 1rl

e.q. If a right circular cone has radius 3 en, helght
4 em andg slant height 5 cm then

the volume = % ¥ %g ®'0 x 4 = 37,7 cm]

2
and the surface area = %E-x 0 %3 X 3Ix 5 75.4 ecm

+
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